We derive an expression for the dimension of the moduli space of SU (n) kinstantons on an r-centred ALE metric in terms of the triple (n, k, r). It is shown that if k mod r > n then no k-instantons exist. This implies that the corresponding Higgs branch of vacua representing marginally bound Dp-D(p + 4) branes on an ALE background is zero dimensional.
Introduction
Yang-Mills instantons are gauge connections with self-dual field strength. The moduli space of instantons, M E , has a particularly rich structure on manifolds with a self-dual Riemann tensor [1, 2] . For example, the dimension of the moduli space is computable in terms of index theorems because all the Dirac zero modes are of the same chirality. For flat space one recovers the well known dimension dimM E = 4kn for SU (n) instantons with instanton number k.
In this work we will find a similar expression for the SU (n) instantons on the r-centred Asymptotically Locally Euclidean (ALE) selfdual metrics of Gibbons and Hawking [3] .
At infinity the space is R × S 3 /Z r . These metrics arise frequently in supersymmetric compactifications and brane solutions of string/M-theory because they are hyperKähler.
They admit singular limits which are associated with enhanced gauge symmetry [4, 5, 6 ].
An important property of Yang-Mills instantons is that they have vanishing energymomentum tensor [7] and therefore do not backreact on the spacetime geometry. This is easiest seen from the fact that the action for a self-dual gauge field does not depend on the metric. Thus they may be added to the pure gravity solution without disturbing it.
Past work on constructing explicit instanton solutions on ALE spaces includes [8, 9, 10, 11, 12, 13, 14, 15, 16] . There has also been some work on the closely related Asymptotically Locally Flat (ALF) metrics that are generalisations of the Taub-NUT metric [17, 18] . Here we will be working with the dimension of the moduli space rather than explicit solutions.
For gauge fields on general r-centred ALE spaces, there are awkward nonlocal boundary terms in the index theorems. Fortunately, the ADHM construction [19, 20] has been generalised to Yang-Mills instantons on ALE manifolds by Kronheimer and Nakajima [21, 22] and provides an alternative means of calculating the dimension of the moduli space, M E . However, the expression that is found in [22] is not explicitly in terms of physical variables of interest: the instanton number, the rank of the gauge group and the number of centres of the metric. We find an expression for the dimension of the moduli space in terms of precisely these variables. An example of the results that we find in §5 is that the dimension of the moduli space of SU (n) instantons on the r-centred metric when
Here c 2 (E) is the second Chern class 1 , k should be thought of as the instanton number.
The fractional values of k r for the second Chern class can be thought of as coming from the quotient by Z r of the 3-sphere at infinity. The quotient reduces the volume integrated over in the definition of c 2 (E). For this range of k the dimension is independent of n, which is interesting. This will not be true for higher k.
Perhaps even more interestingly, formulae such as (1) turn out not to hold for all triples (n, k, r). In fact we will see that
This result depends on all three of the integers available. In (2) we see that the effect is only visible for r ≥ 4.
Instantons are closely related to configurations of D-branes [23, 24, 25, 26, 27] . In particular, a system of k Dp-branes and n D(p + 4)-branes has two branches of super- In a the following section we will summarise how this situation is generalised to systems of bound D-branes, and hence instantons, on ALE backgrounds [28, 29] . The interpretation of the missing instantons in this context is that for values of (n, k, r) satisfying (2) the Higgs vacuum is a single point at which the transverse fluctuations are massless. 1 We follow the slight abuse of notation of previous work and call both the characteristic class and the associated integral over the noncompact manifold the second Chern class and write both as c2(E ).
Therefore the system is not bound and the Dp-branes may move away from the D(p + 4)
branes. It would be nice to have an intuitive argument for why bound D-brane states cannot exist in these cases.
In §2 we summarise the results of the ADHM construction on ALE spaces and the interpretation in terms of of D-branes. In §3 we specialise to the r-centred ALE space and introduce convenient variables that systematically parametrise the SU (n) instantons. In §4 it is noted that for certain instanton numbers k, there are in fact no instantons. This is given a D-brane interpretation. In §5 we sum over the disconnected components of the instanton moduli space to obtain a formula for the dimension in terms of the instanton number, gauge group and centres of the metric.
Formulae from the ADHM construction on ALE spaces
The well known ADHM [19, 20] construction gives implicitly all SU (n) instantons on R 4 .
In particular, it recovers explicitly the dimension of the moduli space of SU (n) instantons with second Chern class c 2 (E) = k as dimM = 4kn by counting degrees of freedom.
The ADHM construction has been generalised to SU (n) instantons on ALE spaces by [21, 22] and their methods presented in a more physicist-friendly way by [13, 15] . Further, the construction emerges naturally in the study of D-brane probes of ALE spaces [28, 29] .
As with the R 4 case, the dimension of the moduli space may be worked out by counting degrees of freedom. A few definitions are needed first. A concrete example is developed in the next section. Note that the formalism is developed for U (n) instantons, but in the next section we will search for moduli of SU (n) ⊂ U (n) instantons. Here and throughout i, j run from 1, . . . , r − 1 and a, b run from 0, . . . , r − 1.
Consider instanton bundles E over the ALE space with rank E = n. The ALE manifold is a minimal resolution of C 2 /Γ with finite group Γ ⊂ SU (2). This group has r irreducible representations, ρ a , with vector spaces R a of dimension n a . For the r-centred Gibbons-
Hawking [3] spaces that we consider below, Γ = Z r and n a = 1. An action of Γ is induced on various vector spaces appearing in the ADHM construction and one must choose non-
where k is a positive integer whose meaning will become apparent.
The construction then gives instanton bundles with first and second Chern class
where u a is given in terms of the extended Cartan matrix, C ab , of the A-D-E group associated with Γ through the McKay correspondence (an explicit example is given in the next section)
and
The T a come from a decomposition of the so-called tautological bundle, T = ⊕ r−1 a=0 T a ⊗ R a . The tautological bundle T is the vector bundle induced from the principal r−1 i=1 U (n i ) bundle over the ALE space that arises in the hyperKähler quotient construction of ALE manifolds. The principal bundle is just a level set of the hyperKähler moment map.
However, the only properties we will need are that c 1 (T 0 ) = c 2 (T 0 ) = 0, as the T 0 bundle is trivial, and that c 1 (T i ) = 0. In fact, c 1 (T i ) gives a basis for the second cohomology of the ALE space.
The main new feature of instantons on ALE spaces is due to the fact that the surface at infinity of the ALE space is S 3 /Γ. Although the instanton connection must be locally pure gauge at infinity, it can have monodromy in some representation of Γ. This gives a further topological characterisation of the instanton bundle besides the Chern classes.
In
The interpretation of these results in terms of D-branes follows a natural generalisation of the situation outlined in the introduction [28, 29] . Consider, for example, in type IIB theory k coincident D3-brane probes inside n coincident D7-brane probes. The D7-brane worldvolume includes the orbifold C 2 /Γ and the D3-branes are located at the origin of the orbifold. The gauge symmetry on the D3-branes worldvolume is broken U (k) → 3 Dimension of SU (n) moduli space on r-centred ALE We want to find the dimension of the moduli space of SU (n) instantons on the r-centred ALE. This means that as input to the problem we specify the rank of the instanton bundle as n and also that the first Chern class is zero, c 1 (E) = 0. This eliminates the possibility of having U (1) factors. This restriction implies that the instanton is defined by
and v 0 only, because (3) gives w 0 as
and the vanishing of c 1 (E) together with the vanishing of c 1 (T i ) in (4) gives r − 1 equations for {v a } r−1 a=0 .
where the extended Cartan matrix for SU (r), C ab , is an r × r matrix of the form
The extended Cartan matrix for the 2-centre spacetime is slightly different and we will deal with it separately at the end of this section. Assume for the moment r > 2. Equation (9) can be rewritten in terms of the usual (r − 1)
In this equation, v i , v 0 are nonnegative integers and so we can only consider {w i } r−1 i=1 such that 
It follows from (4) and (11) that the second Chern class is given by
The dimension of the moduli space is now given by a short calculation
where we used the fact that r−1 i,j=1
Using (14) we can see what values the second Chern class may take given
Note that the second Chern class may take fractional values, as commented in the introduction.
Equations (13), (15) and (17) are the desired result of this section. They give the dimension of the moduli space in terms of the second Chern class, the rank of the gauge group, the holonomy at infinity and the number of centres of the ALE space.
The r = 2 case has extended Cartan matrix
Everything goes through exactly as above with only one integer β 1 = s. The only difference is that the range allowed for s is halved from (13) to 0 ≤ s ≤ 
Missing instantons
One might be lead to think from (17) that the second Chern class may take all values of the form k r . This idea would be reinforced with the idea that some c 2 (E) = k r instantons on the r-centred metric come from suitably symmetric instantons with Chern class k on R 4 [12, 10] . However, it turns out to be false.
The results of the previous section (14) and (15) give the dimension of the moduli space in terms of c 2 (E), which is in turn given in terms of v 0 and s ≡ r−1 i=1 β i . Working in the case r > 2, these quantities are integers satisfying
This requires that
Recalling that v 0 is an integer,
Where [c 2 (E)] denotes the integer part of c 2 (E). Alternatively, Solutions for all k ⇔ n ≥ r − 1.
Thus on an r-centred ALE space, SU (n) instantons will only exist for all k if n is sufficiently large as given by (22) . , · · · . This can in fact be seen immediately from (19); s is not able to get large enough to reach all values of k for a given v 0 . Note that we always get some solutions because n > 1.
For the case r = 2 the limits in (19) are modified, as described at the end of the last section. It is easy to see that there are no missing instantons in this case.
A corrollary of (21) is that no Z r -invariant k-instantons for SU (n) exist on R 4 when (21) holds. If they did exist, they would give k-instantons on R 4 /Z r , the singular limit of the ALE spaces.
At the end of §2 we recalled that the relationship between instantons and Dp-D(p + 4) bound states continues to hold on ALE spaces. This means that the result of this section may be restated as follows. The space of vacua of k Dp-branes marginally bound to n D(p+4)-branes with an r-centred ALE space tranverse to the Dp-branes is zero dimensional if (21) holds. The expectation value of the string modes joining the Dp and D(p + 4) branes is zero and therefore the fluctuations allowing the branes to separate are massless.
Therefore the system is not in fact bound.
Expression for the total dimension
We would now like to "integrate out" the dependence on {β i } r−1 i=1 to obtain a result that is directly comparable with the usual result of 4kn for the moduli space of instantons on R 4 . This is summing the dimension of components of the moduli space that are disconnected because they have different topology at infinity. Doing this involves summing the expression (15) 
Sum first over all {β
We first need to rewrite the second term in (15) as
where S n k is the number of ordered partitions of n elements into k sets. The third term can be rewritten similarly as
These sums can be done with the following generating functions
Using the generating functions (25) and (27) , the final sum of (23) is the coefficient of x s in the expansion of
which is found to be
For the final sum of (24) we use the generating functions (26) , twice, and (27) to express the sum as the coefficient of x s of (r − 2)
which gives
In addition we have the first term in (15)
We can now sum (15) to give the dimension of the moduli space of SU (n) instantons on the r-centred ALE with second Chern class c 2 (E) and such that
To make the dependence on v 0 explicit recall that c 2 (E) = k r and s = k − rv 0 and rewrite this as
In principle, we might like to sum this over v 0 . However, the sum cannot be done in closed form because the generating functions required turn out to be modified hypergeometric functions. Also, given the restrictions on v 0 for a given c 2 (E) that were discussed in the previous section, it is not clear that this could be done in a generic way in any case.
As an example of using this formula, note that dimM E (v 0 = 0) = 4(rk + k 2 − 2k)(r + k − 2)! k!(r − 1)!
and dimM E (v 0 = 1) = 4(nr − n − rk + k 2 − 2k + 2r)(k − 2)! (k − r)!(r − 1)! .
Assuming that the conditions of the previous section for the existence of k-instantons are fulfilled for a given k, we may now write down the total moduli space dimension for
One interesting thing about this result is that it is independent of n. This suggests that all instantons in this range of k are embedded SU (2) instantons. For the range 1 ≤ c 2 (E) = k r < 2, the total dimension is
The previous two formulae were for r > 2. For r = 2 the condition n ≥ k should be changed to n ≥ 2k. Similar expressions hold for higher values of k. Each integer added to c 2 (E) allows an extra value of v 0 to contribute.
Another example is to reproduce the results for r = n = 2 of [12] . From (34) one has dimM E (v 0 ) = 4(k 2 + 2v 0 − 4kv 0 + 4v
Now eliminate v 0 using k = 2v 0 + s (19), where 0 ≤ s ≤ n 2 = 1. The value of s determines whether c 2 (E) is integer or half-integer. In either case the result is dimM E = 4k, in
